In this work, a method for determining the Equivalent Initial Flaw Size (EIFS) distribution using the Boundary Element Method (BEM) is proposed. Maximum Likelihood Estimation (MLE) is used to infer the EIFS distribution of a cracked stiffened panel under multiple sources of uncertainty, including uncertainty in the loading conditions, fatigue crack growth model parameters, and in the measurement of crack size found from routine inspections. Results suggest that MLE is an effective tool for estimating the parameters of an EIFS distribution when no prior knowledge is available regarding the EIFS distribution or its parameters.
Introduction
Fatigue is the leading cause of aircraft component failure. A recent study [1] has shown that it is responsible for around 55% of such failures. Today, aeronautical engineers most commonly take a damage tolerance approach to fatigue crack growth [2] . Under this approach, it is assumed that newly manufactured structures contain initial flaws that are smaller than the minimum detectable flaw size of the Non-Destructive Inspection (NDI) techniques used on the production line. These flaws are assumed to be the result of events such as heat treatment, forging defects, and machining damage, as well as inherent microstructural flaws in the material used. An accurate means of determining the fatigue life of a structure would be to model the growth of the cracks in the structure from an initial flaw size (IFS) to a maximum permissible crack size. However, because the IFS is assumed to be smaller than the minimum detectable flaw size of the NDI technique used, it is an unknown quantity. Current damage tolerance specifications provide estimates for the IFS based on this minimum detectable flaw size [2] . Since these estimates are based on the capability of the NDI technique used, it is likely that the actual IFS will be smaller than these estimates. As a result, the use of these estimates in the employed life prediction methodology can lead to conservative estimates for the fatigue life of the structure [3] . Determining the IFS is also a very difficult task, requiring the use of scanning electron microscopy techniques [4] . In addition, since IFSs have been found to of the order of several µm [4] , the accurate use of crack growth models is difficult. These difficulties can be circumvented by establishing an Equivalent Initial Flaw Size (EIFS), for which a long-crack growth model can be used. The EIFS, unlike the IFS, is not an actual physical quantity but can be thought of as a crack-growth model calibration parameter. By using inspection data and a long crack growth model (e.g. the Paris law, Walker equation etc.) it is possible to determine an EIFS that best accounts for the recorded inspection data. This EIFS can then be used to determine the fatigue life of the structure and for other similar structures. A common method used to determine EIFS is the back-extrapolation method [5] [6] [7] [8] [9] [10] . In this method, the initial crack that best matches the load history and inspection data of a structure is determined using an iterative procedure. One disadvantage of this approach is that the resulting EIFS will be dependent on the loading history [5] , thereby limiting the application of the found EIFS to the fatigue life analysis of similarly-loaded structures. Another approach involves the equivalent precrack size (EPS) [9] [10] [11] . The Kitagawa-Takahashi diagram has also been employed [12] [13] [14] . Statistical approaches have also been taken with regards to determining the EIFS. In this approach the EIFS is treated as a model calibration parameter. Makeev et al. [15] and Cross et al. [16] adopted this approach with maximum likelihood estimation (MLE) and Bayesian inference respectively. Sankararaman et al. [17] applied this approach with MLE and Bayesian inference to a structure with complicated geometry under complex loading conditions. A drawback of the approaches detailed in [15] [16] [17] is that all of the uncertainty in the fatigue crack growth procedure is lumped into a single noise term that accounts for the uncertainty in the loading conditions, fatigue crack model, finite element model, and other sources. An arbitrarily defined probability distribution (e.g. lognormal, normal) is applied to the resulting fatigue life distribution. A more rigorous approach would be to quantify the individual sources of error and use these to determine the fatigue life distribution of the structure. The best fitting distribution can then be fitted to this fatigue life distribution. This is the approach undertaken by Sankararaman et al. [18] . The approach used in this work builds on the work conducted in [18] and involves the use of the Boundary Element Method (BEM) to model fatigue crack growth. The use of the Dual Boundary Element Method (DBEM) enables the incremental growth of cracks in a simple and automatic manner with no remeshing [19] . The reader is referred to [19] for more information regarding the DBEM.
Methodology

Fatigue crack growth analysis with the BEM
In this work, an incremental crack growth procedure utilising the DBEM is used to simulate the growth of cracks due to fatigue. In this procedure, cracks are grown automatically in increments, with the direction of each increment being determined using the maximum principal stress criterion. The mode-I and mode-II stress intensity factors of the new crack tip are evaluated using the Jintegral. The use of the J-integral is especially effective with the BEM, due to the fact that the BEM provides a continuous modelling of the interior of a structure, requiring no discretisation of the interior [19] . Comprehensive descriptions of the procedure can be found in [19] and [20] . Once a crack has been grown by a length increment ∆ , the number of cycles required for this growth can be calculated as:
where 0 and 1 are the lengths of the crack before and after the current growth increment. The initial crack size is specified by the user at the beginning of the procedure. Thereafter, the crack size 1 at the end of each increment is 0 + ∆ . The integration seen in equation (1) is carried out numerically using Simpson's rule for each individual crack growth increment. The overall number of cycles required to grow the crack from its initial size to its final size can be determined by summing the number of cycles required to grow each individual crack growth increment. Using Paris' law with the Walker equation, the rate of crack growth ⁄ is defined as:
where and are constants that are influenced by the material and stress ratio . is given as:
where 0 is equal to for the special case where = 0, and is a material-dependant constant. The experimentally derived effective stress intensity factor ∆ from Tanaka [21] takes into account the effects of both mode I and mode II crack deformation, and is defined as:
where ∆ and ∆ are the stress intensity factor ranges for mode I and mode II respectively. For the integration seen in equation (1) with Simpson's rule, the ∆ values for the current crack tip and the crack tip after growth are both used.
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The main advantage of this method is that there is no requirement for remeshing. As the crack grows, new elements are added to the old crack tip. This has the effect of only adding new rows and columns to the already existing system of equations [19] . This contrasts with FEM techniques which require the remeshing of the structure as the crack grows.
Maximum Likelihood Estimation (MLE)
Maximum Likelihood Estimation (MLE) is a method used to determine the most likely parameters of a statistical model, given a series of observations. Likelihood is different from probability in that it describes the plausibility of a parameter's value given some observations, while probability describes the plausibility of an observation given a parameter's value. In this work, the parameter of interest is the EIFS . Observations are in the form of routine inspections of an aircraft structural component. It is assumed that all inspections are carried out on aircraft of the same model, therefore the component will have identical geometry between inspections and will be subjected to similar loading conditions. In each inspection, both the size of any cracks and the number of cycles at which the inspection was carried out are recorded. It is assumed that there is no prior information regarding the distribution of , and since MLE assumes a uniform prior distribution for , the use of MLE is appropriate. Given preliminary testing, and since crack size distributions are often found to follow lognormal or Weibull distributions [22] , lognormal distributions are assumed for the EIFS distribution and all likelihood functions. Given the number of cycles and crack size from the 'th inspection, the likelihood function of is:
where represents the data obtained from the 'th inspection = ( , ), and ( , ) is the number of cycles required to grow from to , calculated using a fatigue crack growth model . In this work, the function is a BEM model which uses the procedure detailed in section 2.1. The standard deviation of the resulting distribution is . The main difficulty in the above procedure is with regards to the calculation of . A Monte Carlo sampling approach is undertaken whereby the crack is repeatedly grown from to under the presence of uncertainty in other model parameters such as the Walker equation constants 0 and , maximum stress , and stress ratio . These multiple sources of uncertainty are represented as a vector . A probability distribution can be obtained from the resulting histogram and the standard deviation of the distribution can be estimated. Due to uncertainty in the NDI techniques used to measure the crack size for each inspection, there will be some uncertainty its value. To account for this, is treated as a random variable that follows a lognormal distribution with a mean equal to the crack size measured from the inspection and a coefficient of variation (CoV) of 0.1, representing 10% white noise. This uncertainty is represented as a vector . The likelihood function considering both and is:
The integration seen in equation (6) , and for all future equations, was carried out using Simpson's rule. The term | ( � | ) is the distribution of evaluated at some integration point � , and | , � , ( | , � , ) is the probability distribution seen in equation (5) also evaluated at � . Since the parameters of the EIFS distribution, mean and standard deviation , are uncertain, these are also model parameters that we wish to determine. The joint likelihood of and deviation is:
where | , ( ̅ | , ) is an EIFS distribution with mean and standard deviation evaluated at some integration point ̅ , is the total number of inspections carried out, and represents the data obtained from all the inspections.
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The individual likelihood functions are:
( | , , ) = � ( , | , , ) ( | , , ) = � ( , | , , )
The probability distributions of and can be expressed as:
( | , , ) = ( | , , )
∫ ( | , , ) ( | , , ) = ( | , , )
The modes of the distributions ( | , , ) and ( | , , ) are taken as the mean and standard deviation, and , of the final EIFS distribution respectively.
Example -Stiffened aircraft inspection panel
To In the absence of real-world inspection data, the BEM was used to simulate inspection data based on a 'true' EIFS distribution. This true EIFS distribution was arbitrarily chosen for demonstration purposes. This EIFS distribution follows a lognormal distribution with mean 2 mm and standard deviation 0.4 mm. The crack sizes observed from inspections are assumed to follow a lognormal distribution with mean 30 mm and standard deviation 3 mm. Random samples were taken from both distributions and paired together, the BEM was then used to determine the number of cycles corresponding to each pair. To simulate data obtained from real-world inspections, 10% white noise was added to the number of cycles for each pair. In total, 10 inspections were simulated. The variables , 0 , , and were treated as random variables with the distributions seen in Table 1 . It can be seen from Table 2 and Figure 3 .2 that the probability distributions for the mean and the standard deviation converged around the actual values. The EIFS distribution obtained from MLE is also very close to the actual distribution. A
616
Advances in Fracture and Damage Mechanics XVII 
Conclusions
In this work, a method for determining the Equivalent Initial Flaw Size (EIFS) distribution using the Boundary Element Method (BEM) is proposed. The proposed method was employed on an example involving a stiffened aircraft inspection panel. Results suggest that Maximum Likelihood Estimation (MLE) is an effective tool for determining the probability distributions of the parameters of the EIFS distribution when no prior knowledge is available regarding the EIFS distribution or its parameters. Once an EIFS distribution has been determined, it can then be used to estimate the fatigue life of the structure, and of other structures under similar conditions.
